We present results for several thermodynamic quantities within the next-to-leading order calculation of the thermodynamic potential in perturbative QCD at finite temperature and chemical potential including non-vanishing quark masses. These results are compared to lattice data and to higher-order optimized perturbative calculations to investigate the trend brought about by mass corrections.
I. INTRODUCTION
Ultra-relativistic heavy-ion collision experiments provide enough energy to cross the threshold where hadronic systems are converted into a novel state of matter, the quark-gluon plasma (QGP) [1, 2] . In this medium, partons acquire a much longer mean-free path and can move more freely due to asymptotic freedom [3] [4] [5] [6] [7] . Below the transition temperature, and up to a few times T c , Quantum Chromodynamics (QCD) is essentially nonperturbative. For vanishing baryon chemical potential, Lattice QCD provides an excellent description of the full thermodynamics (see e.g. Refs. [8, 9] for recent results) that can be compared to improved perturbative calculations for temperatures a few times T c and higher. However, for nonzero baryon densities solid lattice results are still precluded by the well-known Sign Problem [10] , and one has to resort to a combination of perturbative calculations and effective models.
Using perturbative techniques to calculate the thermodynamic potential has a long tradition in QCD [11] [12] [13] [14] . Since then, analytic computations of the thermodynamic potential were performed over the years (see e.g. [1, [15] [16] [17] [18] [19] [20] [21] ), and are currently known up to O(g 6 ln g) in the coupling g at high temperatures and small chemical potentials [21] [22] [23] [24] [25] [26] . It turned out that the pure weak coupling expansion converges badly. The next-to-leading order (g 2 ) shows a surprisingly good agreement with lattice data whereas the next contribution (g 3 ) even causes a flip in the sign of the pressure. It was suggested that the bad convergence is initiated by the contributions of soft momenta, p soft ∼ gT . Therefore the pressure of hot QCD is split into two parts p QCD ≡ p hard +p soft [27] , where p hard ∼ πT are the hard modes. The poor convergence can be assigned to p soft , whereas p hard exhibits a good convergence. There are ways to reorganize the perturbative series with a special focus on the soft sector. One successful approach is Hard Thermal Loop perturbation theory (HTLpt), see Refs. [28] [29] [30] [31] [32] . Another method is dimensional reduction [33, 34] , which proceeds by first integrating out the hard modes and leaves an effective three-dimensional theory, dubbed EQCD. A very recent investigation of the Equation of State of quark matter is based on both of the mentioned approaches and guarantees access to all values of temperature and density at order g 5 [35] . Besides that, at order g 6 , intrinsic infrared problems appear and can only be solved by nonperturbative methods [36] .
Although the first calculations of the thermodynamic potential with massive quarks also date back to the 70s [16, 17, 37, 38] , mass effects on the pressure were regarded as being negligible for two decades. The issue was reconsidered at T = 0 in Ref. [39] , with a modern MS scheme description, and provided corrections that can reach 20%, being relevant for the physics of neutron stars. Later, the two-loop result of Ref. [39] was extended to order g 4 in Ref. [40] , which represents the current state-of-the-art perturbative calculation at T = 0 with massive quarks. The case at zero baryon density and finite temperature was investigated in Ref. [41] with consequences to quark mass thresholds (see also Ref. [42] ). Mass effects on the Yukawa theory were also investigated for massive quarks and mesons in Refs. [43] [44] [45] . In all these cases, results exhibit deviations ∼ 20−30%. Quasi-particle models that include finite quark masses were also considered [46] .
In this note, we present results for several thermodynamic quantities within the next-to-leading order calculation (NLO) of the thermodynamic potential in perturbative QCD at finite temperature and chemical potential, including non-vanishing quark masses. We are interested in the investigation of effects of consistently introduced massive quarks, which were surprisingly less studied in the past. A model that includes all of these dependences in a reasonable way is the g 2 -corrected thermodynamic potential with m f ≠ 0. As already mentioned, it is known for a long time that the pure weak coupling expansion converges badly. However, it is also known that the NLO corrected pressure is relatively close to the lattice data which is of course only accidentally. Nevertheless in terms of a good agreement with lattice simulations the NLO computation provides a baseline from which to study further corrections. What is not known nowadays is the impact of the finite bare quark masses on the thermodynamics. The influence of the strange quark mass for example to the thermodynamical quantities was ignored so far in the literature even though the strange-quark plays an important role, regarding the temperatures achieved in present ultra-relativistic heavyion collision experiments. The question is how good is the convergence of the pressure in terms of the quark mass dependence. In Ref. [41] it was shown that the convergence is better and the results should be trustable already at NLO. Furthermore, since quark mass effects in p soft only appear through the thermal masses, Debye-masses m D , bare quark mass effects should be well described in NLO. The only other term that may have a significant quark mass dependence is the NNLO contribution in p hard , but since the convergence of p hard is better this contribution is small. Indeed, we will show in the following that the model behaves reasonably well in terms of mass and radiative corrections. In order to accomplish a consistent calculation that also includes a running coupling and strange-quark mass, the calculation at g 2 is done in the MS renormalization scheme. In principle the calculation of the thermodynamic potential was done by J. I. Kapusta in 1979, see Ref. [16] . However, it is based on an obsolete renormalization scheme and an explicit numerical evaluation of the thermodynamic potential is missing. We profit from previous calculations of the thermodynamic potential to study other properties such as the entropy, the speed of sound and trace anomaly with massive quarks. These results are compared to lattice data and to higher-order optimized perturbative calculations with the purpose to investigate the trend brought about by mass corrections. Partially included higher order effects that enter our framework by implementing the running of the coupling constant and the strange-quark mass result in an improved description of lattice data already at NLO.
The paper is organized as follows. In section II we summarize the well-established calculation of the thermodynamic potential to this order. In section III we present our results and compare them to lattice data and HTLpt. Section IV contains our summary. Appendix A presents some technical details of the renormalization procedure for nonzero quark masses.
II. THERMODYNAMIC POTENTIAL
The next-to-leading order thermodynamic potential has the diagrammatic form [47] :
where solid lines represent fermions, curly lines gluons and dashed lines ghosts. Notice that including nonzero quark masses, the fermionic contributions can not be rescaled by the flavor number N f . The only diagram that will be affected in a nontrivial manner by nonzero quark masses is the exchange diagram. To make the discussion more self contained, we present in some detail the derivation of this contribution. In the Feynman gauge [47] , we have
where
is the gluon fourmomentum, with ω B n = 2nπT and ω F n = (2n + 1)πT , n being an integer. The mass of the respective quark flavor is m f . The trace is performed in Dirac space. It is straightforward to show that Eq. (2) (see e.g. Refs. [44, 48] for details) reads:
with the definitions
where θ is the angle between the momenta ⃗ p and ⃗ q. Equation (9) recovers previous results [16, 39] in their limits provided one corrects for the renormalization scheme. Note the explicit scheme dependence at this order due to the nonzero quark mass. The integrals can not be cast in analytic form as in Ref. [32] so that they have to be solved numerically.
For the complete thermodynamic potential to this order, one has to add to the exchange contribution the following well-known terms
III. RESULTS
To investigate the influence of nonzero quark masses for the thermodynamics, we fix the up and down downquark masses to m u = 2.3MeV and m d = 4.8MeV, (12) and incorporated the running of the coupling and strange quark mass following Ref. [39] , so that
The scale Λ MS and the invariant massm s are fixed by requiring α s ≃ 0.3 and m s ≃ 100 MeV at Λ = 2 GeV [49] ; one obtains Λ MS ≃ 380 MeV andm s ≃ 262 MeV. With these conventions, the only freedom left is the choice of Λ. The renormalization scale is usually chosen to be Λ = 2 (πT ) 2 + µ 2 . The band uncertainties in our plots shown below result from the variation of Λ by a factor of two. In all calculations the quark chemical potentials are set to be equal µ f = µ = µ B 3. In order to cross check our computations the results are compared to the case of zero temperature and zero chemical potential.
A. Pressure, energy density, entropy and trace anomaly
We start with the zero-temperature case. The one massive flavor case can be computed analytically, yielding, in the MS scheme:
where u ≡ µ 2 − m 2 f . The pressure is given by p = −Ω. Figure 1 shows a comparison of calculations for the pressure at different orders for 2+1 flavors at vanishing temperature. As customary, we plot the StefanBoltzmann-normalized (SB) pressure. The red band is taken from Ref. [40] (see also Ref. [50] ), where the authors assumed massless light quarks but a non-vanishing strange quark mass (The light quark mass effects are, of course, expected to by minor.). This plot quantifies the effect from higher order contributions. As expected, at vanishing temperature they are less severe, even though the pressure is non-ideal even for very high densities.
In Figure 2 we show the normalized pressure for different numbers of flavors varying the baryon chemical potential and keeping the temperature fixed at T = 300 MeV. We illustrate the results for different quark masses: the upper plot in Fig. 2 shows the difference in the normalized pressure p p SB between the results for massless quarks and those for non-vanishing quark masses with m f = 200 MeV (a commonly encountered mass scale in lattice calculations). The difference in the normalized pressure is roughly ∼ 9%, so that direct comparisons to lattice data with unphysical quark masses should be done with caution. The lower plot in Fig. 2 shows the difference in the normalized pressure p p SB between the massless case and the physical mass case for 2+1 and 3 flavors. This difference in the normalized pressure is less than 1%, which shows that temperature effects easily dilute mass effects that are stronger in the cold and dense case (see Refs. [39, 40] ). Both of the plots in Fig. 2 unfold the behaviour of the pressure for a number of 2 (top) and 3 (bottom) flavors with all have the same mass of 1 GeV.
We investigate the same situation where the normalized pressure is plotted over the temperature in Fig. 3 . This time the difference for the 2-flavor case with increased masses of m f = 200 MeV (upper plot in Fig. 3 ) is larger. For the lowest illustrated temperature of T = 150 MeV it amounts to almost ∼ 70% at very low temperature. Note that at this temperature and for µ B = 400 MeV α s ∼ 0.54. For 3 flavors with physical quark masses compared to massless quarks (lower plot in Fig. 3 ) there is also an increase that is approximately ∼ 11% at T = 150 MeV and µ B = 400 MeV. In both plots a drastic deviation again appears for increased quark masses of m f = 1 GeV.
In Fig. 4 the normalized pressure for µ B = 0 (top) and for µ B = 400 MeV (bottom) is depicted and compared to lattice simulations [51] and results of other perturbative investigations that include higher-order effects, for illustration. Of course, higher-order corrections are expected to modify appreciably our simplified description. However, taken as a toy model, this description is not far from lattice results within the interesting regime in temperature. The green bands on the plots of Fig. 4 again illustrates the large effects that can be brought by the inclusion of heavier quarks.
Finally, another comparison can be made by introducing the pressure difference
In Fig. 5 we show the so-called scaled pressure difference which is the pressure difference, Eq. (16), normalized by T 4 , which eliminates all contributions to the pressure that do not depend on µ. Notice that lattice data only includes corrections up to order µ 2 . Again, taken as a simplified model, our description captures well the dependence on µ including quark mass effects of this quantity as a function of temperature.
One can calculate the energy density from the expression of the pressure potential using the relation
Note that we fix Λ first and then take the derivativs, in contrast to e.g. Ref. [32] , where the derivatives are taken first and Λ is fixed afterwards. In Fig. 6 we plot the normalized energy density versus the temperature for vanishing baryon chemical potential (top) and for µ B = 400 MeV (bottom). The interpretation of the results is analogous to the one for the pressure. Here we also show the effect from a heavier quark to the energy density. Finally, the entropy can be directly computed from the pressure, S = ∂p ∂T , and is exhibited in Fig. 7 for µ B = 0 (top) and µ B = 400 MeV (bottom).
The trace anomaly of QCD [29] is defined as I = ε −3p. It is related to deconfinement and the gluon condensate [53] , therefore non-perturbative in its origin. This quantity vanishes for a massless, noninteracting gas since, in this case, ε = 3p. The mass dependence of the results for the trace anomaly could be of special interest since nonzero masses break explicitly the scale invariance of QCD. On the other hand, interactions also break scale invariance as can be seen in the running of α s . We compute I for 2+1 and 3 flavors, and illustrate it in Fig. 8 for µ B = 0 (top) and µ B = 400 MeV (bottom). Our results systematically underestimate the trace anomaly, showing that higher order terms are necessary to capture the full running α s effect. We show also results for a higher quark mass to quantify how it affects this quantity. The relative contributions of the mass and the running α s to I are illustrated in Fig. 9 . It is obvious that the one from running α s clearly dominates. The result for a fixed α s but a nonvanishing strange quark mass of 95 MeV is rather small. The sum of both contributions is also plotted.
B. Speed of sound and susceptibilities
The speed of sound c s is given by
It is a measure of the stiffness of the equation of state, and is naturally bounded due to causality v s ≤ 1 and thermodynamic stability v 2 s > 0. It is relevant at low densities and high temperatures in the hydrodynamical description of the evolution of the quark-gluon plasma formed in relativistic heavy-ion collisions [54] [55] [56] . On the other hand, the way the squared speed of sound approaches asymptotically 1 3 is relevant in the astrophysical context, as discussed in Ref. [57] , since there are scenarios within neutron stars which seem to violate v 2 s < 1 3 (see also Ref. [58] ).
The speed of sound at zero temperature is shown in Fig. 10 , which shows that physical quark mass effects and a running coupling constant do not result in a sizable shift from the limiting value c 2 s = 1 3. In Fig. 11 , we show the computation of c 2 s for non-vanishing temperature at µ B = 0 (top) and µ B = 400 MeV (bottom). Again, the effect from nonzero masses become relevant only for heavier quarks. The band that is caused by the variation of Λ by a factor of two, is only plotted down to densities of µ B ∼ 2, 7 GeV. Below that density the lower line of the band starts to increase rapidly, which is of course no physical effect, because α s does so due to the logarithm in L = 2 ln(Λ Λ MS ), see Eq. (13).
We also compute quark number susceptibilities, which are defined as derivatives with respect to the corresponding quark chemical potentials For instance, χ
In Fig. 12 we plot χ 4 u normalized to its SB-limit and compare it with several other data. Additionally we plot the case for 3 flavors with equal masses of 1 GeV. In Fig. 13 the second-(top) and the fourth-order (bottom) baryon number susceptibilities, given by
are displayed. Whereas for physical quark masses the mass effect on the susceptibilities is arguably small, for heavier quarks the effect is dramatic, even at comparable and large values of the temperature. Since these quantities seem to be much more sensitive to mass effects, comparisons to lattice results with unphysical high quark masses should be made with caution.
IV. SUMMARY
We presented a systematic study of the effects from nonzero quark masses on the thermodynamics of perturbative QCD to next-to-leading order at non-vanishing µ 
FIG. 12.
Comparison of the normalized 4th order uquark susceptibility with HTLpt [32] , dimensional reduction [31] and lattice results, denoted by WB, [52] and BNL, [59] ; m f ≠ 0 means that the quark masses were chosen according to Eq. (12) and Eq. (14). [32] , dimensional reduction, [31] , and lattice results, denoted by WB, [52] ; m f ≠ 0 means that the bare quark masses were chosen according to Eq. (12) and Eq. (14) .
and T . We investigated the pressure, scaled pressure difference, energy density, entropy, trace anomaly, speed of sound and susceptibilities and compared our findings to Hard Thermal Loop and Dimensional Reduction calculations at vanishing quark masses and recent lattice data at physical quark masses.
A comparison between perturbative results with vanishing quark masses and lattice results with increased (unphysical) quark masses has a limited validity meaning that the impact of quark masses is not negligible. In this vein, susceptibilities seem to be particularly sensitive to higher quark masses. Although a calculation at higher order (including resummations) is imperative for any quantitative statement, our results point to the role heavier quarks will play when incorporated as in the case of the early universe where charm quarks appear at a few times T c . The interplay between quark masses and isospin is also a relevant issue (see Ref. [60] ) and should be addressed in forthcoming work.
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As described in Ref. [44] we define the auxiliary functions
. The flavor index of the quark mass m f is supressed in this appendix. Plugging in the integral representation of the Dirac delta function we factorize and solve the integrations independently [61] . The function M f (p 4 ) can be written as
Eq. (A1) and Eq. (A2) can be expressed in terms of the auxiliary functions as
Using the expression for
With the help of the definitions of p µ and
The expressions in the curly brackets are just the amputated (AMP) self-energy diagrams of a quark or a gluon, respectively, in the vacuum (VAC) where their momenta are put on-shell (M.S.):
Defining p µ new ≡ (iω 
the vacuum self-energies can be written as 
Additionally, one can transform it into the form:
whereupon the MAT index denotes that we take only the matter part of the expressions in the curly brackets. This means that the pure vacuum part has already been subtracted and, while p µ and k µ are evaluated on the mass shell, p µ new and k µ new are not. These expressions can be assigned to the following two two-loop-diagrams
The dashed box within the right diagrams indicates that this part of the diagram is put on-shell. Hence the UVdivergent part is completely covered by the dashed box. The matter part of the remaining integral does not contain any new divergences. Therefore the renormalization procedure reduces to the renormalization of the one-loop diagram in the vacuum. In the MS scheme the final renormalized expression for the amputated quark self-energy is: 
where ∆ = m 2 (1 − x) 2 and Λ is the renormalization scale. Finally one finds that
(A23) The renormalization of L b poceeds analogeously but turns out to vanish. The general Lorentz structure of a bosonic self-energy in the vacuum reads
In Eq. (A19) the bosonic self-energy is multiplied by g µν which contracts with the Lorentz structure in Eq. (A24). The momentum of the ingoing gluon must be put onshell, hence for a massless gluon k 2 = 0. Subsequently, the whole expression vanishes because it is proportional to k 2 .
